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Non-perturbative proof is presented of a generalized version of Goldstone theorem, where the Lagrangian 
conserves an approximate SU(3) chiral symmetry, that both quark masses and electromagnetism make 
contributions to the masses of spinless particles of pseudoscalar octet. We show that apart from what 
comes in the form of some projections of a two-body Bethe–Salpeter amplitude for which the photon 
lines like the gluon ones are all internal in the case of neutral pseudo-Goldstone bosons, the charged 
pseudoscalar mesons receive additional contributions that may be expressed in terms of the axial–
vectorial projection of a three-body Bethe–Salpeter amplitude with an extra external photon line.
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state pseudoscalar mesons have been examined successfully to 
leading order in the electromagnetic interaction in chiral pertur-
bation theory [1,2]. A general formula valid to all orders in per-
turbation theory, however, is in want. Empirically this problem 
is not so urgent, since the electromagnetic interaction is much 
weaker than the strong interaction at realistic energy scales in nu-
clear or elementary particle physics on general grounds; and in 
some cases, calculations accurate to one order or two in the ﬁne 
structure constant are essential, such as in the case of the pion 
isospin multiplet, whose mass difference has been successfully 
evaluated based upon one-photon exchange alone [3]. Neverthe-
less with due respect, there seems to be always attempts to exploit 
non-perturbative results to promote studies even beyond pertur-
bation theory; and a recent revival emerges of attention paid to 
the role of the electromagnetic correction in the computation of 
hadron observables to high precision by lattice simulation [4]. Ex-
act mass formula for the pion, with electromagnetism neglected 
but quark mass effects considered, has been acquired with a sig-
niﬁcant stress upon the inhomogeneous Bethe–Salpeter equations, 
the integral equations for various vertices related to the two-body 
quark–antiquark bound-states [5,6]; such an analysis, though, may 
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SCOAP3.probably be diﬃcult to extend to the case where electromagnetism 
is incorporated.
The purpose of the present paper is to derive some general re-
sults valid to all orders in perturbation theory, starting in the very 
beginning from the Lagrangian density, which should provide the 
essential bridge between the approximate symmetry of the under-
lying theory and the realization of the physical states of the theory 
which manifest themselves in something like the spectrum of com-
posite particles of interest.
One word about notation. We use the spacetime metric ημν
with diagonal elements η11 = η22 = η33 = 1, η00 = −1, and Dirac 
matrices γμ deﬁned so that {γμ, γν} = 2ημν , also γ5 = iγ0γ1γ2γ3, 
and β = iγ 0.
As is known, in the approximation that the u, d and s quarks 
are massless, the Lagrangian density of quantum chromodynamics 
is invariant with respect to an SU(3) transformation which implies 
the existence of a conserved axial-vector current
Jμa = iq¯γ μγ5λaq, (1)
where q is the quark triplet,
q ≡
⎛
⎝
u
d
s
⎞
⎠ , (2)
and λa are a complete set of traceless Hermitian matrices named 
after Gell-Mann and Ne’eman. under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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function for the axial–vector current Jμa (x), together with a 
Heisenberg-picture quark ﬁeld of type n qn(y) and the covariant 
adjoint ﬁeld of quark ﬂavor m q¯m(z):〈
T
{
Jμa (x)qn(y)q¯m(z)
}〉
VAC. (3)
By use of the conservation condition ∂μ J
μ
a = 0 and the commuta-
tion relation between the time-component of the current J0a and 
the quark ﬁelds q, we can easily obtain the celebrated axial-vector 
Ward identity
∂
∂xμ
〈
T
{
Jμa (x)qn(y)q¯m(z)
}〉
VAC
= −δ4(x− y)(γ5λa)nn′
〈
qn′(y)q¯m(z)
〉
VAC
− δ4(x− z)〈qn(y)q¯m′(z)〉VAC(γ5λa)m′m. (4)
In the real world the chiral SU(3) symmetry of quantum chro-
modynamics is broken by the quark mass term as well as the elec-
tromagnetic interaction; and the axial-vector current is not exactly 
conserved. Assuming that the ﬁelds satisfy the Euler–Lagrange 
equations, we may get the divergence of the current as
∂μ J
μ
a = iq¯γ5{M, λa}q + eAμq¯γ μγ5[Q , λa]q, (5)
where the quark mass matrix M is a diagonal matrix with non-
zero elements mu , md and ms , and Q is also a diagonal matrix but 
with elements 2/3, −1/3 and −1/3. The same formal calculation 
that leads to Eq. (4) would yield a generalized Ward identity in its 
full form
∂
∂xμ
〈
Jμa (x)qn(y)q¯m(z)
〉
VAC
= −ie〈[Q , Oa(x)]qn(y)q¯m(z)〉VAC
+ 〈{M,Φa(x)}qn(y)q¯m(z)〉VAC
− δ4(x− z)〈qn(y)q¯m′(z)〉VAC(γ5λa)m′m
− δ4(x− y)(γ5λa)nn′
〈
qn′(y)q¯m(z)
〉
VAC, (6)
which clariﬁes the way of the cancellations among the great va-
riety of the radiative corrections to the quark propagators and 
vertices induced by three kinds of currents all with negative parity 
and zero baryon number; one of which is the axial-vector current, 
while the other two of which are the pseudoscalar current Φa and 
its electromagnetic counterpart Oa that are deﬁned by respectively
Φa ≡ iq¯γ5λaq, (7)
and
Oa ≡ Aμ Jμa = i Aμq¯γ μγ5λaq. (8)
The generalized axial-vector Ward identity can be proved alterna-
tively using the path-integral methods, where the quantum nature 
of the quark ﬁelds as well as the gauge ﬁelds are more transparent, 
which is given at the end of this report in Appendix A.
To look in a little more detail at the physical implication 
of these three currents (1), (7) and (8), let us consider the 
momentum–space amplitude
Glnm(q1,q2,q3) =
∫
d4xd4 yd4ze−iq1·xe−iq2·ye+iq3·z
× 〈T {Ol(x)qn(y)q¯m(z)}〉VAC, (9)
where Ol(x) can be any of the three currents appearing in the 
generalized axial-vector Ward identity (6). From Lorentz invari-
ance and parity conservation we know that generally Ol has a non-zero matrix element between the vacuum and a one-
(pseudo-)Goldstone-boson state |B, q〉, which also has a non-
vanishing matrix element with the state qnq¯m|VAC〉. Then accord-
ing to the usual rules of polology, G has a pole at q21 = −m2, where 
m is the mass of the one-particle state, and the residue at this pole 
is given by
Glnm(q1,q2,q3) →
−2i
√
q21 +m2
q21 +m2 − i

(2π)3〈VAC|Ol(0)|B,q1〉
×
∫
d4 yd4ze−iq2·ye+iq3·z〈B,q1|T
{
qn(y)q¯m(z)
}|VAC〉. (10)
(A complete proof of Eq. (10) is given at the end of this Letter in 
Appendix B.) Conventionally we may deﬁne the conjugate Bethe–
Salpeter amplitude χ¯ of renormalized ﬁelds by∫
d4 yd4ze+iq1·(c1 y+c2z)e−ik·ye+ip·z〈B,q1|T
{
qn(y)q¯m(z)
}|VAC〉
≡ −(2π)4δ4(p − k)χ¯nm(k;q1)
/[
(2π)3/2
(
2
√
q21 +m2
)1/2]
,
(11)
where for quark propagators the incoming relative momentum k =
q2 + c1q1 and outgoing relative momentum p = q3 − c2q1, with 
c1 + c2 = 1.
To be speciﬁc, for a (pseudo-)Goldstone boson B of four-
momentum qμ , Lorentz invariance and isospin symmetry require 
the matrix elements of the currents between the vacuum and 
single-particle states to take the respective forms
〈VAC| jμa (0)|Bb〉 = i
√
2Fbδabqμ
(2π)3/2 Z2
√
2q0
, (12)
〈VAC|φa(0)|Bb〉 =
√
2Nbδab
(2π)3/2 Z4
√
2q0
, (13)
and also
〈VAC|oa(0)|Bb〉 =
√
2Rbδab
(2π)3/2 Z A
√
2q0
, (14)
where F , N and R are all constant coeﬃcients to be determined, 
and Z2 is the renormalization constant of the quark ﬁelds, Z4 ≡
Z2 Zm with Zm the renormalization constant of the quark mass, 
and Z A ≡ Z2 Z−1/23 with Z3 the renormalization constant of the 
electromagnetic ﬁeld.1 All the renormalization constants are cho-
sen so that renormalized quantities of the theory preserve the 
underlying symmetry as in the axial-vector Ward identity (6) [7,6]. 
Note also that the symbols for the currents are written in their 
lower cases to emphasize that λa are now replaced by ta which 
are suitable linear combinations of λa; fortunately the Ward iden-
tities (4) or (6) do not make any essential alterations by the re-
placement. We can write the (pseudo-)Goldstone boson ﬁelds in a 
real basis as πa , with B1/2 ≡ π± = (π1 ± iπ2)/
√
2, B3 ≡ π0 = π3, 
B4/5 ≡ K± = (π4 ± iπ5)/
√
2, B6 ≡ K 0 = (π6 + iπ7)/
√
2, B7 ≡ K¯ 0 =
(π6 − iπ7)/
√
2, and B8 ≡ η0 = π8. The generators ta which rep-
resent the surviving isotopic SU(3) symmetry are taken in par-
allelism as t1/2 = (λ1 ∓ iλ2)/
√
2, t3 = λ3, t4/5 = (λ4 ∓ iλ5)/
√
2, 
t6/7 = (λ6 ∓ iλ7)/
√
2, and t8 = λ8.
The factor F deﬁned by (12) may be expressed in terms of the 
renormalized Bethe–Salpeter amplitude χ that is deﬁned by
1 The renormalization point may be set to be large enough so as to ensure that 
the renormalization constants are ﬂavor independent.
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[
(2π)3/2
(
2q0
)1/2]
≡
∫
d4 yd4ze−iq·(c1 y+c2z)e−ik·y
× e+ip·z〈VAC|T {qn(y)q¯m(z)}|B,q〉, (15)
where for external fermion lines the incoming shifted momentum 
k = q2 − c1q and outgoing shifted momentum p = q3 + c2q, with 
c1 + c2 = 1. Note that the relation between the Bethe–Salpeter am-
plitude and its conjugate is given by
χ¯ (p;q)T = βχ(−p;q)†β. (16)
Multiplying both sides of Eq. (15) by iqμγ μγ5ta , taking the trace 
over both the species and Dirac indices, integrate over the four-
momenta k and p and from (12), one obtains for q2 = −m2 [8]
Fa = Z2ncqμ√
2m2
∫
d4p
(2π)4
Tr
{
γ μγ5taχ(p;q)
}
, (17)
where for color-neutral bound states the number of colors nc = 3
is factored out explicitly. The constants Fa have an oﬃcial name 
of the pseudoscalar meson decay constants, one example of which 
is Fπ+ , the factor involved in the process of pion decay, π
+ →
μ+ + νμ .
Similarly, by multiplying both sides of Eq. (15) by iγ5ta , taking 
the trace throughout, and evaluating the integrals over k and p we 
may get from (13) the expressions of the coeﬃcient constants Na
in terms of the Bethe–Salpeter amplitudes [6]
Na = − i Z4nc√
2(2π)4
∫
d4p Tr
{
γ5taχ(p;q)
}
, (18)
with q ﬁxed by q2 = −m2, and ‘Tr’ denoting a trace over both 
spinor and ﬂavor indices.
In order to obtain for the residue Ra a formula we have to 
deﬁne the so-called three-body Bethe–Salpeter amplitude (still de-
noted by χ ) by∫
d4xd4 yd4ze−iq·(c1x+c2 y+c3z)e−il·xe−ik·ye+ip·z
× 〈VAC|T {Aμ(x)qn(y)q¯m(z)}|B,q〉
≡ (2π)4δ4(l + k − p)χμnm(k, p;q)/
[
(2π)3/2
(
2q0
)1/2]
, (19)
which gives the sum of all Feynman diagrams for emitting a Gold-
stone boson of four-momentum q, with one incoming photon line 
of relative momentum l = q1 − c1q, one incoming quark line of 
relative momentum k = q2 − c2q and one outgoing quark line of 
relative momentum p = q3 + c3q, with c1 + c2 + c3 = 1. Multiply 
both sides of Eq. (19) by iγ μγ5ta , take the trace throughout, inte-
grate over the four-momenta l, k and p and use Eq. (14), we may 
obtain ﬁnally
Ra = − i Z Anc√
2
∫
d4k
(2π)4
∫
d4p
(2π)4
Tr
{
γμγ5taχ
μ(k, p;q)}. (20)
Eq. (10) with (11)–(14) substituted in shows the pole struc-
ture of the Green’s functions associated with the three signiﬁcant 
currents jμa , φa and oa . Equating the pole terms in the Fourier 
transform of the generalized axial-vector Ward identity (6) entails 
the exact mass formula for each pseudo-Goldstone boson
m2Fa = −{Mμ,Na} + ieμ[Q , Ra], (21)
where the constants F , N and R are given by Eqs. (17), (18) and 
(20) in terms of Bethe–Salpeter amplitudes, and here the sub-
scripts μ of M and e are understood to indicate quark masses and 
electric charges renormalized at μ. This is our main result. It is necessary to mention that practical quantitative calculation of the 
masses of the pseudo-Goldstone mesons to compare with exper-
imental results would require the evaluation of the two-body or 
three-body Bethe–Salpeter amplitudes, which when examined us-
ing the relativistic integral equations like the corresponding Bethe–
Salpeter equations might require some analysis upon the scattering 
kernel; and truncations under good control and simpliﬁed models 
that characterize the basic features of quantum chromodynamics 
and electrodynamics need to be employed expecting company of 
reliable numerical techniques [9]. But that’s outside the scope of 
our inquiry.
Still in order to give some justiﬁcation of our general result, let 
us now exploit the physical signiﬁcance of the mass formula (21)
at low energy. In the simplest case where the quarks are massless, 
we consider the matrix element of the time-ordered product of 
the axial-vector current, the quark ﬁeld and the covariant adjoint 
quark ﬁeld. Substituting Eqs. (12) and (11) into Eq. (10), we get2
Gμnm(q,k, p) → −
√
2Faqμ
q2
χ¯anm(p;q)(2π)4δ4(p − k). (22)
Only the term proportional to γ5 makes a contribution to the 
Bethe–Salpeter amplitude as q2 = 0, so we may write
χ
(
p;q2 = 0)= γ5E(p2), (23)
with E a real function of the only scalar variable p2 for real p2. 
From Eq. (16) we know
χ¯
(
p;q2 = 0)= −γ5E(p2). (24)
On the other hand, the inverse of the complete quark propagator 
S ′ −1 takes the form
S ′ −1(p) = iγμpμA
(
p2
)+ B(p2), (25)
where A and B are coeﬃcient functions of the scalar variable p2. 
For zero quark masses, there is no distinction of A’s and B ’s among 
the cases of u, d and s quarks. The non-pole contributions to the 
Green’s function Gμ when contracted with qμ vanish as q → 0, 
so we may substitute Eq. (22) with χ¯ replaced by (24) into the 
left-hand side of the axial-vector Ward identity (4), and (25) into 
the right-hand side, and obtain a formula expression of E in terms 
of the A and B
E
(
p2
)= 2
F
B(p2)
p2A2(p2) + B(p2) , (26)
with a universal constant F for all very soft Goldstone bosons. 
Then Eq. (18) requires
F N = 2v, (27)
where in lowest order the vacuum expectation value of the quark 
bilinears are all equivalent to an unaltered value 〈u¯u〉0 = 〈d¯d〉0 =
〈s¯s〉0 ≡ −v/Z4, with v given by
v = −i Z4nc
∫
d4p
(2π)4
Tr
{
S ′(p)
}
. (28)
We observe that the quark electric charge matrix Q commutes 
with t3, t6, t7 and t8, so inspection of Eq. (5) shows that for zero 
quark masses electromagnetic effects give no masses to the neutral 
pseudo-Goldstone bosons π0, K 0, K¯ 0 and η0; also, the electromag-
netic part of the divergence of the axial-vector current remains 
2 In the case where the energies of interest are much lower than the scale of the 
renormalization point, it is conventional to use the ﬁeld renormalization prescrip-
tion that Z2 = 1.
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and hence in this case the electromagnetic corrections to the K+
and π+ masses are equal. Similar results can be obtained for π−
and K− . Therefore in the limit where the symmetry-breaking con-
tributions due to the quark mass terms are treated to ﬁrst order 
in quark masses, and the corrections due to electromagnetism are 
treated to ﬁrst order in the ﬁne structure constant with vanishing 
quark masses, the mass formula (21) reads for the pseudoscalar
octet [1,2,10],
m2π± = 2v(mu +md)/F 2 + ,
m2
π0
= 2v(md +mu)/F 2,
m2K± = 2v(mu +ms)/F 2 + ,
m2K 0 =m2K¯ 0 = 2v(md +ms)/F 2,
m2
η0
= 2v(4ms +md +mu)/3F 2, (29)
where  is the common electromagnetic correction to the K+ and 
π+ squared masses in the zero-quark-mass limit.
In conclusion, with the electromagnetic interaction treated as 
an additive correction to the Lagrangian of quantum chromody-
namics, the new vertex with one incoming photon line, one in-
coming quark line and one outgoing quark line manifests itself in 
the generalized axial-vector Ward identity. The vacuum expecta-
tion value of the current associated with the new vertex has a pole 
whose residue may be expressed in terms of the Bethe–Salpeter 
amplitude which gives the sum of all Feynman diagrams for emit-
ting a pseudo-Goldstone boson with external lines of photon and 
quark ﬁelds. The axial-vector Ward identity in this case entails a 
relationship between this residue and those from the pole contri-
butions of the matrix elements of the axial-vector and ordinary 
pseudoscalar currents between vacuum states, which is valid to 
all orders in perturbation theory. The virgin identity can recover 
to ﬁrst order in quark masses the expression obtained by old-
fashioned effective ﬁeld studies.
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Appendix A. Alternative derivation of the Ward identities
This appendix will explore the axial-vector Ward identity in the 
general sense using the methods of external current in the path-
integral formulation of the quantum theory of ﬁelds, which follows 
almost the same line of K.-I. Kondo [11].
The complete vacuum–vacuum amplitude in the presence of a 
set of classical currents Jn which are tacitly inserted to the right 
of ﬁelds is given by
Z [ J ] =
∫
[dφ]exp
(
i I[φ] + i
∫
d4xφn(x) Jn(x) + 
 terms
)
, (A.1)
where the symbol φn is used to denote the different types of ﬁelds, 
which include not only ordinary gauge and matter ﬁelds but all 
other ﬁelds appearing in the gauge-ﬁxed action. Assuming that the 
generating functional Z [ J ] is invariant under an arbitrary variation 
of any relevant ﬁeld component φm(y), we may get the follow-ing general relation by use of which the Ward identities can be 
derived3:∫
[dφ] δL
δφm(y)
exp
(
i I[φ] + i
∫
d4xφn(x) Jn(x) + 
 terms
)
= 0,
(A.2)
with the subscript L indicating the derivative is to act from the 
left.
The Lagrangian density of quantum chromodynamics with in-
cluded the electromagnetic interactive term of the quarks can be 
put in the form
L = −ψ¯[γ μ[∂μ − ig Aαμtα − ieAμQ ] + M]ψ − ..., (A.3)
where Aμα is the color gauge vector potential; g is the strong cou-
pling constant; tα are a complete set of generators of color SU(3)
in the 3 representation; Aμ is the electromagnetic potential; −e
is the rationalized charge of the electron; for the three fairly light 
quarks u, d and s, Q is a diagonal matrix with non-zero elements 
2/3, −1/3 and −1/3, and the quark mass matrix M is a diagonal 
matrix with elements mu , md and ms; here ‘...’ refers to terms in-
volving only Abelian and non-Abelian gauge ﬁelds and other quark 
ﬂavors, but not u, d or s; and quark color, ﬂavor as well as spinor 
indices are all suppressed. We may further simplify the form of the 
Lagrangian density for savings of writing:
L = −ψ¯[γ μ[∂μ − iAμ] + M]ψ − ..., (A.4)
where
Aμ = gAμα tα + eAμQ . (A.5)
We must now do our path integrals with an action of the form
I =
∫
d4xLMOD, (A.6)
with a modiﬁed Lagrangian density
LMOD = −ψ¯
[
γ μ[∂μ − iAμ] + M
]
ψ − ..., (A.7)
where ‘...’ now refers to terms involving not only Abelian and non-
Abelian gauge ﬁelds and other quark ﬂavors than u, d or s, but also 
auxiliary ﬁelds like the ghost ﬁelds; gauge-ﬁxing terms are under-
stood to be included in there.
Where it is covariant quark ﬁelds ψ¯m(y) that vary, Eq. (A.2)
yields the relation
0 =
∫ [∏
l,x
dψl(x)
][∏
l,x
dψ¯l(x)
][ ∏
α,μ,x
dAα,μ(x)
][∏
μ,x
dAμ(x)
]
× δL
δψ¯m(y)
exp
{
i I[ψ, ψ¯,A] + i
∫
d4x
(
ψn(x)ξ¯n(x)
+ ψ¯n(x)ξn(x) + Aμα (x)ηαμ(x) + Aμ(x)ημ(x)
)}
, (A.8)
which leads to
〈−[γ μ]mm′∂μψm′(y) + i[γ μAμ]mm′ψm′(y)
− Mmm′ψm′(y) + ξm(y)
〉
J = 0, (A.9)
3 The integration measure for the matter ﬁelds is not invariant under the chiral 
symmetry transformation, a point which shall be neglected in this review; the vari-
ation of the integrand of Z [ J ] alone will be suﬃcient to account for the split of the 
spectrum of the pseudoscalar octet.
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notes the quantum average in the presence of the set of currents 
J ≡ {ξ, ¯ξ, η}:
Z [ J ]〈Fm(y)〉 J =
∫ [∏
n,x
dχn(x)
]
Fm[y;χ ]
× exp
(
i I[χ ] + i
∫
d4xχn(x) Jn(x)
)
, (A.10)
normalized so that 〈1〉 J = 1. We multiply Eq. (A.9) by any matrix 
element Γnm and take the variational derivative 
−iδR
δξn(z)
(the sub-
script R indicates that the derivative is taken to act from the right), 
and then get the following matrix form
〈
ψ¯(z)Γ γ μ∂μψ(y) − iψ¯(z)Γ γ μAμψ(y)
+ ψ¯(z)Γ Mψ(y) − ψ¯(z)Γ ξ(y)〉 J = iδ4(y − z)Tr[Γ ], (A.11)
with ‘Tr’ here denoting a trace over both Dirac and species indices. 
On the other hand, consider the variation of the quark ﬁelds ψm(y)
0 =
∫ [∏
l,x
dψl(x)
][∏
l,x
dψ¯l(x)
][ ∏
α,μ,x
dAα,μ(x)
][∏
μ,x
dAμ(x)
]
× δL
δψm(y)
exp
{
i I[ψ, ψ¯,A] + i
∫
d4x
(
ψn(x)ξ¯n(x)
+ ψ¯n(x)ξn(x) + Aμα (x)ηαμ(x) + Aμ(x)ημ(x)
)}
, (A.12)
which is consequent upon
〈−∂μψ¯m′(y)[γ μ]m′m − iψ¯m′(y)[γ μAμ]m′m
+ ψ¯m′(y)Mm′m + ξ¯m(y)
〉
J = 0. (A.13)
Multiplying Eq. (A.13) by the matrix element Γmn and taking after-
wards the variational derivative −iδR
δξ¯n(z)
from the right, we obtain
〈−∂μψ¯(y)γ μΓ ψ(z) − iψ¯(y)γ μAμΓ ψ(z)
+ ψ¯(y)MΓ ψ(z) + ξ¯ (y)Γ ψ(z)〉 J = iδ4(y − z)Tr[Γ ]. (A.14)
Now, by taking the sum of Eqs. (A.11) and (A.14), setting y = z, 
adding to both sides of the resultant equation −∂μψ¯Γ γ μψ +
ψ¯γ μΓ ∂μψ , and wisely manipulating some of the terms in there, 
we shall get the following formula
1
2
∂μ
〈
ψ¯
[
γ μ,Γ
]
ψ
〉
J
= −i〈ψ¯{Γ,γ μAμ}ψ 〉 J + 〈ψ¯{Γ,M}ψ 〉 J − 〈ψ¯Γ ξ〉 J + 〈ξ¯Γ ψ〉 J
+ 1
2
〈
ψ¯
{
γ μ,Γ
}
∂μψ
〉
J −
1
2
〈
∂μψ¯
{
Γ,γ μ
}
ψ
〉
J
− 2i Tr{Γ }δ4(0). (A.15)
In our problem
Γ = γ5λa, (A.16)
and with A recovered as by Eq. (A.5), the general formula (A.15)
reads
∂μ
〈
Jμa
〉
J = eAμ
〈
ψ¯γ μγ5[Q , λa]ψ
〉
J + i
〈
ψ¯γ5{M, λa}ψ
〉
J
− i〈ψ¯γ5λaξ〉 J + i〈ξ¯γ5λaψ〉 J , (A.17)
where the axial-vector current Jμa is given by
Jμa = iψ¯γ μγ5λaψ. (A.18)In a more compact form, the quantum average of the divergence 
of the axial-vector current Jμa (x) can be formulated as
∂μ
〈
Jμa (x)
〉
J = −ie
〈[
Q , Oa(x)
]〉
J +
〈{
M,Φa(x)
}〉
J
− i〈ψ¯(x)〉 Jγ5λaξ(x) + iξ¯ (x)γ5λa〈ψ(x)〉 J , (A.19)
where the pseudoscalar current Φa and its electromagnetic coun-
terpart Oa are deﬁned by respectively
Φa ≡ iψ¯γ5λaψ, (A.20)
and
Oa ≡ Aμ Jμa = i Aμψ¯γ μγ5λaψ. (A.21)
We take the functional derivative of both sides of Eq. (A.19) with 
respect to ξ¯n(y) and ξm(z) from the right, and set all background 
currents equal to zero. Then the generalized axial-vector Ward 
identity manifests itself at last
∂
∂xμ
〈
Jμa (x)ψn(y)ψ¯m(z)
〉
0
= −ie〈[Q , Oa(x)]ψn(y)ψ¯m(z)〉0 + 〈{M,Φa(x)}ψn(y)ψ¯m(z)〉0
− δ4(x− y)(γ5λa)nn′
〈
ψn′(y)ψ¯m(z)
〉
0
− δ4(x− z)〈ψn(y)ψ¯m′(z)〉0(γ5λa)m′m. (A.22)
Appendix B. Illuminative derivation of the theorem of polology
This appendix presents the proof of the fundamental theorem 
of polology which helps clarify the pole structure of S-matrix ele-
ments for certain physical processes, especially of the three-point 
Feynman amplitudes of the axial-vector current or the ordinary or 
the electromagnetic pseudoscalar currents, together with the quark 
ﬁeld of type n and the covariant adjoint quark ﬁeld of type m. 
Application of this theorem to the problem of the normalization 
condition for the two-body bound-state Bethe–Salpeter amplitudes 
is an essential step in the derivation given by Lurié, MacFarlane
and Takahashi [12].
Now let us start. Isolating the contribution of that part of the 
volume of integration in Eq. (9) for which the time x0 is larger 
than y0 and z0, and by inserting between time-ordered products 
a complete set of intermediate states amongst which may be the 
one-(pseudo-)Goldstone-boson state |B, p〉 of mass m, and isolating 
the contribution of these single-particle intermediate states also, 
we have4
Glnm(q1,q2,q3)
=
∫
d4xd4 yd4ze−iq1·xe−iq2·ye+iq3·z
× θ[x0 −max(y0, z0)]
∫
d3p
× 〈VAC|Ol(x)|B,p〉〈B,p|T
{
qn(y)q¯m(z)
}|VAC〉 + · · · , (B.1)
where ‘· · ·’ refers to terms arising not only from different time-
orderings, but also from other intermediate states. According to 
spacetime translation invariance, the matrix element of Ol(x) takes 
the form
〈VAC|Ol(x)|B,p〉 = exp(ip · x)〈VAC|Ol(0)|B,p〉. (B.2)
4 Here we adopt the more usual normalization convention 〈q′, σ ′|q, σ 〉 =
δσ ′σ δ3(q′ − q) with q, q′ the three-momenta, σ , σ ′ discrete labels for something 
like the spin three-components of the one-particle states |q, σ 〉 and |q′, σ ′〉.
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θ(s) = − 1
2π i
∞∫
−∞
dω
e−iωs
ω + i
 . (B.3)
The integral over x now just yields delta functions:
Glnm(q1,q2,q3)
=
∫
d4 yd4ze−iq2·ye+iq3·z
×
(
− 1
2π i
)∫
dω
ω + i
 exp
[+iωmax(y0, z0)]
×
∫
d3p〈VAC|Ol(x)|B,p〉〈B,p|T
{
qn(y)q¯m(z)
}|VAC〉
× (2π)4δ3(p− q1)δ
(√
p2 +m2 + ω − q01
)+ · · · . (B.4)
We are interested here only in the single pole that arises from the 
vanishing of the denominator ω + i
 , so for our present purposes 
the factor exp(+iωmax) can be set equal to unity. The integrals 
over ω and p are now trivial, and furnish the pole form
Glnm(q1,q2,q3)
→ i(2π)3
[
q01 −
√
q21 +m2 + i

]−1〈VAC|Ol(0)|B,q1〉
×
∫
d4 yd4ze−iq2·ye+iq3·z〈B,q1|T
{
qn(y)q¯m(z)
}|VAC〉 + · · · ,
(B.5)where here ‘· · ·’ denotes terms that are either regular at q01 =√
q21 +m2 or branch cuts produced by multi-particle states. Fur-
ther near the pole one can write
1
q01 −
√
q21 +m2 + i

=
−q01 −
√
q21 +m2 + i

−(q01)2 + (
√
q21 +m2 + i
)2
→
−2
√
q21 +m2
q21 +m2 − i

.
Eq. (B.5) thus goes to the desired result Eq. (10). Generalization of 
the proof to identify the pole structure of the Green’s functions 
of time-ordered products of arbitrary number of ﬁeld operators 
and/or their canonical conjugates is straightforward.
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